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Abstract

We apply the general operator — valued functional calculus to the joint functional calculus of two sectorial operators . We give the
optimal order of smoothness in the Mihlin and Hormander conditions for operator —valued Fourier multiplier theorems . We give an
extended estimate that shows the integral converges to a Bachner integral. More generally we also extended a series of H*-sectorial
operators has an L,, maximal regularity.
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Introduction

The notion of an H™ — calculus for sectorial operators on a Banach space has played an important role in spectral theory for
unbounded operators and its applications to differential operators and evolution equations. We recall that a sectorial operator of type

0 < < 7 satisfies a parabolic estimate of type

|cR(¢.A)|<C, |argslzo )

for every @ < o < 7 . This estimate allows a definition of f (A) as a bounded operator for functions f which are bounded and
analytic on the sector Y ={¢ :[arg¢|< o} and which obey a condition of the type ‘ i (5)‘ <C (|§|/(1+|§|2 )E) for

some > 0.
If we have an estimate H f (A)H <C|f

(2, )
it is possible to extend the definition of f (A) toany f e H” (ZU ) andwe saythat f hasan H” (Za )-calculus. Itis

well known that many systems of parabolic differential operators do havean H* — calculus.

Of particular importance are two closely related problems:

The maximal L, — regularity of the Cauchy problem

y'(t)+Ay(t)=f(t), y(0)=0

for a sectorial operator of type @ < /2

-The question whether thesum A + B with domain D ( A) ND ( B) of two sectorial operators is closed.

In fact the first problem can be reduced to the second, and the latter problem is essentially the question whether one can construct a
bounded operator B (A + B) . This then is a special case of the problem of constructing a joint functional calculus of A, B . Inthe
case of Hilbert spaces and some related situations it was shown that one can construct an operator-valued functional calculus associated

to an operator with H ® — calculus and this permits a solution; however, it was also shown that such an approach cannot work in
general Banach spaces and additional conditions are therefore needed.
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We described a method of setting up the joint functional calculus of n sectorial operators and an operator-valued extension. We recall
the notion of Rademacher-boundedness ( R — boundedness) of families of operators. This implicitly goes in connection with vector-
valued multiplier theorems. We also introduce some weaker notions and study their relationship to certain Banach space properties of
the underlying space.

We prove a very general result on the existence of an operator-valued functional calculus for operators withan H* — calculus. This
permits us to replace boundedness of the range of the function by Rademacher-bounded ( or even the weaker concept of U-
boundedness).

We study the relationship between R-boundedness and the functional calculus for general sectorial operators of particular importance is
the notion of R-sectoriality when the boundedness condition (1) is replaced by an R-boundedness condition.

We show that if A, B are sectorial operators such that A hasan H™ [Z j ~calculus and B is R- sectorial of type o’ when

e

o+o'<m then A+ B (withdomain D(A)(D(B))isclosed.

One advantage of this result is that it is easier to check R-sectoriality than the boundedness of imaginary powers.

We give applications to the joint H ™ — functional calculus and show how Banach space properties such as UMD, analytic UMD and
property (a) of Pisier relate to the results.

H* — calculus really induces an unconditional expansion of the identity of the underlying Banach space.

We use this observation to show how classical results on unconditional bases can be recast as results on operators with H** — calculus
onl, and C ( k ) — spaces, but they are in practice very few examples of such operators of this type.

Here we sketch a method of setting up an operator-valued functional calculus for finite collections of sectorial operators.

Let us first introduce some notion. Suppose 0 < o < 77 . Thenwe denoteby D thesector {z:[arg| < o,|z| > 0} andby T,
the contour {|t| M7 oo <t < oo} .We denote by H * (Za ) the space of all bounded analytic functionson D" . We

define H(‘)’O(ZCr ) to be the subspace of all feH""(ZCr ) which obey an estimate of the form

|f(2)|< c(|z|/(1+|z|2)) with €> 0. Let us extend this to dimensionm. In 0 " if 6 =(o,,...,5,, ) where 0< o, <=
wedefine > =TII7 >  ad [, =L/, .foyv el wewite 5>V if 5, >v, for L<k <m .Wedenoteby

H~” (ZG ) to be the space of all bounded analytic functions on ZU We define H” (ZG ) to be the subspace of all
feH” (ZG ) which obey an estimate of the form ‘f (z)‘ <CIT}, (|Zk|/(1+|zk|2))gwith e>0 where

z=(2y,.2,).

We introduce some corresponding vector valued spaces. Now suppose X is a Banach space and A is sub-algebra of L ( X ) :
which is closed for the strong-operator topology. If ¢ = (csl, vy Oy ) as above, we define H (ZG A ) the space of all bounded
functions F : ZG—>A ,sothatforevery x e X themapz —> F (z )x isanalytic (i.e,, F isanalytic for some strong-operator
topology. We consider the scalar space H ™ (Za ) asasubspaceof H” (ZU ,A) via the identification f — f 1.
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We shall say that F, converges boundedly to F in H"O(ZCr ,A) it sup, sup, -

F,(z)| < and
F.(z)x—> A(z)x forevery ze Y ,and x e X . Wedefine H(;’O(ZCr ;A) the subspace of all F € H"O(ZCr ;A)
which obey an estimate of the form HF (Z)H < CH:=1(|ZK|/(1+|ZK|2))E with & >0 where 2 =(z,,..., 2, ) .

We next consider the space of germs of such functions. Fix 0<w, <7z for 1<k <m. We consider the space
H(o,A)=U,.,H*(Y, ;A) where (F,G) are identified if there exists > will F(2)=G(z) for all
Ze ZU . H (a) A) is then an algebra. In H (a) A) we define a notion of sequential convergence 7 by F, — F if there

exists o> @ so that each Fn,FeH‘”(ZG ;A) . SUp, SUp, 5~

F(z)|<o ad F,(z)x—>F(z)x for all
ze) andallxeX.

Recall that a closed densely defined operator A ona Banach space X is a sectorial operator of type 0 < w = a)( A) <mifAis
one-one with dense range, the resolvent R(i, A) is defined and bounded for 4 =re'’ where r >0 and @ < |0| <7z and
satisfies an estimate HAR (4, A)H <C, for o <o <l6)|.

Suppase (A,.., A, ) isafamily of sectorial operators where A, isoftype e, for 1<k <m ,andlet @ =(c,, ..., ®,, ) . Define
the resolvent for |arg A| > e by R(/I,A&,...,An):HLR(/Ik,A() .Let A be the closed sub-algebra of L(X ) of all
operators T sothat T commutes with R(4, A, ) forevery k andevery A with [arg A| > o, .

m

If FeH(wA) is of the fom F(z)=]], (% —zk)fka where p, el U{0} ad SeA we define
F(A,..A)= H:zl R(A. A )ka and then this definition can be extended by linearity to the linear span of such functions,
which we call the rational functions, denoted R (e, A),in H (@, A).

To extend this definition further we use the following device. Consider the algebra of all ( F,.F ( ALA, )) for FeR (a) A)
asasubset of H (e, A)x A. Denoteby 7" the sequential convergence (F,, T, ) — (F,T) if F, > F(r) ad T, > T in
the strong-operator topology. Let B bethe 7~ — closure of this set (i.e. the smallest set which is closed under sequential convergence

and contains it). Notice that this construction might involve taking infinitely many  iterations of sequential limits, but our construction
actually shows that two iterations suffice. It is clear that B is an algebra. Our next task is to show that if F € H (a) A) there is at

mostone choiceof T € A sothat (F, T ) € B, thiswill enable usto define F (A,,..., A, ) unambiguously.

Consider the functionon C

o, (2)=— -1 @

N+z 14nz

andthendefineon C ", v, (2) = kmzlgon(zk)sm‘hatz//neH(;"’(zcr )foreverya>0.Then

y/n(Ai,...,A“):lﬂ[[iR(—i,A(j—nR(—n,Ak)j:Vn is an approxirmate identity in the sense that sup |V, | < oo and
k=1 \ N n

Vx> X forevery x e X if F e H (@, A) thenif F EHw(Za ,A) we can define
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Ln(F)x:(z_—;ijy/n (O)F(S)R(S, A, A XIS, ®

aslongas @ <V < o . (This is multiple contour integral). An application of Cauchy’s Theorem shows that L, is independent of the

choice of V. By the Lebesgue Dominated convergence Theorem L : H (a) A) — A is T — continuous if A is equipped with
the strong-operator topology.

If F is rational then we have by a standard contour integration,

L, (F)x=F(A,..A,)V,x  xeX )

Nowthemap (F,T)— L, (F)-T iscontinuous for 7" and the strong-operator topology. We conclude that if (F, T ) € B,

L, (F)x=TV,x xeX.

Since V,x — x forall X € X , this shows that T  is uniquely determined by F . Hence we can define H (A, ..., A, ; A) tobe
the set of F € H (w, A) such that for some T we have (F,T)eB and then we can define T =F (A,,..., A,) for
FeH(A,..,A,;A). Thespace H(A,..., A,; A) isanalgebraand F — F (A,..., A, ) isanalgebrahomomorphism.

For FeH(A,.. Ay A)N H"O(ZCr ;A) and o >V > @ then (3) and (4) can be written as :

F (A AV, ( jjwn R(S AL A )xdS ©

If FeHy (Za , A) then the integral in (5) converges as N — oo . We can show by approximating the integral by Riemann
sumsthat F e H (A,..., A; A) andthenwe have:

FeH(Ai,...,An)x:(z_—l_jmIF(@)R(@,AI,...,Aﬂ)xdg ®)

m) 3

It now follows that if F € H (o, A) then (w, F)eH (A,...,A,;A) foreach k e N . Furthermore if F, — F(7) we
have (v, F,)(A.- Ay) = (wF)(A, ..., A,) inthe strong-operator topology for each fixed k . From this it follows tht if

F.eH(A,...A;A) and F (A A )< then FeH(A,...A,) and

F, (A An)—> F (A1 An) in the strong-operator topology ( we have convergence on each V, X ). In particular it follows
et F e H (A A A) i N F) (A A < 0.

If we consider the scalar functions in H (A1 A, ) cH (A1 A A) then we have defined the joint functional calculus for
(A,..,A,). We recall that a single operator A has anH"O(ZCr ) - Caleulus if H"O(ZCr )c H (A). The collection

(A, A,) hesajoint H* (> )<calculusif H* (D )= H (A, A,)-

We recall that a family F of bounded operators on a Banach space X is called Rademacher-bounded or R-bounded with R-
boundedness constant C if letting (gk )f:l be a sequence of independent Rademachers on some probability space then for every

XX, €X and T,..., T, € F wehave:
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1
n 22 1
{E 3 6T, ] <C(Efax | ) 0
k=1

It is important to note that this definition and the associated constant C are unchanged if werequire T, ,..., T, tobe distinctin (7).

We will introduce two related weak notions. Let that F  is weakly Rademacher-bounded or WR-bounded with WR-boundedness
constant C if forevery X;,..., X, € X , X,...,X, € X  and T,,..., T, eF wehave

1 1
n 2Y2 (| 22
<Tkxk,x:>‘£CEUngxk j ELZekX: ] ®
k=1 k=1

Finally we say that F is unconditionally bounded or U-bounded with U-boundedness constant C  if for every X;,..., X, € X ,

>

k=1

X, X € X andT,...,T, eF wehave

n n n
Z‘<Tkxk,xk>‘§ max > &, D&
k=1 g =%1 =1 =)

Lemma (L.D)[3][1]:
Let F beasubset of L ( X ) . Then for F , R-bounded = WR-bounded—=> U-bounded. If X has nontrivial Rademacher type

then WR-bounded = R-bounded.

The last sentence is the non-trivial part of the lemma and this follows easily from Pisier's characterization of spaces with non-rivial type
as those in which the Rademacher projection is bounded.

©)

max
& =%1

We shall also need some related Banach space concepts. Suppose (&, ), , and (7, ), _, aretwo mutually independent sequences of

k= k=
Rademachers. We say that X has property () if there is a constant C so that for any (xjk)?k = X and for any
J' =
(e )"j ., ©C wehave

n n
D D OyE K

j=1 k=1

2 12 2 1/2

n
&M Xk (10)

i=1 k=1

E < max’

all E

We say that X has property (A) if there is a constant C such that for any (xjk)ﬁk . C X' and for any (x*jk)n < X" we
ke

jk=1
have
1 1
2\2 2\2
} { } "

ZZ‘<xjk,x;k>‘<C[E

Clearly (a) = (A) and the converse holds if X has nontrivial Rademachers type; this is a fairly simple deduction from the

Zz_gjnkxjk

n
j=1 k=1 =

ZngkX?k

j=1 k=1

boundedness of the Rademacher projection. Any subspace of a Banach Lattice with nontrivial co type has property (a) while any

Banach lattice has property (A). It is also observed that L, /H, has (a) . The Schatten ideals C, when 1< p <o and p # 2
fail to have (A).

We shall say that X hasproperty(A) ifThereisaconstantCsm‘hatforany(xjvk)n e X

jk=1
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[E J <CLE J w

It is clear that (A) is a weaker property than (a) . Itis in fact shared by all spaces with (UMD) and even analytic UMD. We recall

n

i
2D €Ky

=1 k=1

ZZ«?mk

=1 k=1

that X hasanalytic UMD if every L, —bounded analytic martingale has unconditional martingale differences.
Proposition (1.2)[3][4]:

Suppose X has analytic UMD. Then X has property (A).

Proof:

Let (&), , and (77, ),_, betwo mutually independent sequences of Steinhaus variables (i.e., each is complex-valued and uniformly
distributed on the unit circle). By applying the unconditionality of the Rademachers and the Khintchine-Kahane ineguality it is

sufficient to show the existence of a constant C  so that for any (x i )wk e have
J' =

noj n n
zzgiﬁkxl Zzéjﬁkxjk
=1

j=1 k=1 j=1 k

To see this we define f; for 1<j<2n-1by f,, =3 > X, ad f,,=> > &ix,

f, =0.Then ( f i ) is an analytic martingale and so for a suitable constant C depending onlyon X we have:

E

Z( erfl - fzr)

r=0

E

< CE|| 0

This yields the desired inequality. Since any space with (UMD) has analytic (UMD) this shows that (UMD) spaces have ( A) ; actually
a direct proof using Rademacher in place of Steinhans variables in the above argument is possible for this case. Thus the Schatten
classes C  have property (A) aslongas 1< p < oo . However Haagerup and Pisier show that C, (which has co type 2) fails

analytic UMD and their argument actually shows it fails property (A) . This implies that C ( k ) -spaces of infinite dimension also fail
(A) since C, is finitely representable in any such space .

Theorem (1.3)[3]:

Suppose (U, )., and (V, ), aretwo sequences of operatorsin L (X ) satisfying

Sup sup YU [<M <o
& =%l

And

supsup Y&V, <M <o

n g=%1

Suppose further F < L ( X ) is a family of operators which is R-bounded with constant R. Then

0

M The sequence (Uk )k:l is R-bounded with constant M .

{iakU TV, neN ’|a|£1’Tk cE }

(i) If X has property (a) the collection is R-bounded with

constant CRM? where C depends only on X .
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(A) {ZakUka ‘neN ,|a1|,...,|an|g1}
(iii) If X has property then the family ‘%=t is WR-bounded with

constant CM* where C depends only on X .

n
(a) {ZUka:neN} )
(iv) If X has property then the set ‘<=1 is R-bounded with constant CM” where
C depends only on X .
Proof:
M We use the remark that it is enough to establish (7) for distinct operators T Ty af Ko X € X
and % = *1 then

E [[Zekuk J[Z £.0, X, jj => gU,x, andhence
k=1 k=1 k=1

(el

This proves (i) and indeed a rather stronger resullt.

n

zgkxk

k=1

sup

oy =%1

zgkukxk

k=1

Let S i = Za ij ijka where Tjk eF and (a jk) is a finitely nonzero collection of complex numbers with (i)
k=1

| <1 andfix x,,..., x, € X . Wefirstnote that forall y, ..., y, €Y .

Soun|-Je((0. ) Eon | om [efgan] |

We will also use the fact that there is a constant C depending only on X so that for (;(jk)r_] o € X we have from property (a),
J' =

1 1
2\2 2\2
[EEEW J <CR£E€EW }

n
Hence, using Y, = > a;&,T;V, X inthefirst inequality,

=
[E

ZZ«?ka,«

j=1 k=1

n n
2 2T X

=1 k=1

n

2

N

n

;UkZajkngjkaxj

=

n
265X
-1

ZHE

<M[§;

n o0
2.2 e TV
=L k=L

1
n 0 2 E

e Z;,kzllgjnkvkxj

j=1 k=

<CRM [E E
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.Y
2
<CRM [EE D& j
k=1
This proves (ii)
S. =) a,UV
j Kk Vi ) <1
(i) Let k=1 where (a‘k) is a finitely matrix with ‘a‘k‘ . In this case if X% € X
and Xt % € X we note that:
n n
S.X., X V, X, ,U X
R E 3 (ARTRY
1 1
n 0 2 E n 0 2 E
<C|EE, XD emViX; E.E, DD emUeX
j=1 k=1 j=1 k=1
1 1
n 2 E n 2 E
<CM?| E|> &x, E[> X
j=1 j=1
(i) We use the proof of (ii). This time we again use the fact it suffices to consider the operators without
i
. . szz_:Uka o=l k<. 0 .
repetition. So we consider k=1 and repeat the proof of (ii) with ! if and Y otherwise

and replace each Tk by the identify. Using (12) in place of (10) gives the desired conclusion.
Lemma (14)[3]:

Suppose O <o <7 and F € H‘”(ZU; L(X)).Suppose0<a0 <Vv< o andforsome M < oo and a >1,andfor each

t eR theset {F (a te*" )}k is U — bounded (respectively, WR-bounded; respectively, R-bounded) with constant bounded by

M (independent of t). Then the family {F (Z):ze ZU } is U-bounded, (respectively, WR-bounded; respectively R-

bounded).

Proof: We give the proof in the U-boundedness case, the others being similar. We first make the observation that it suffices to consider
the case when v = 77/2 as one can make the transformation z = /" . Inthis case we have the formula

['e]

F(2)== [ F(it)R(z—it)" dt

7[ —00
Wewrite

——IF |t z—|t ot

F(2)=2 [F (-i)m(z+it) o

sothat F (z)=F,(z)+F,(2)
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Note that for a suitable corstant C we have an estimate 0 <R (z %it) <C| |m|n( | |72) whenever ZEZU

Now suppose X,..., X, € X and X;,...,X, € X . Suppose zl,...,znez . Let us suppose m; €[] are chosen so that
0o

mj< 1< m;+1

a _‘zj‘_a .WehaveforZGZU0

:1<F1( %% )| < —Z;£< (ia™t)x;, ‘>F(Z ~ia"t)x
min (1,t)dt

<F(|a Jt)xj,xj>
ZEJXJ zglxl

for a suitable constart C* . A similar argument can be done for F, .

max
gj=t1

Let us suppose A is sectorial of type @ and o > @ . We let A denote the algebra of all bounded operators which commute with
A.

Before we prove the basic estimate for an operator-valued functional calculus, we will describe in the following lemma and propaosition
the connection between the H * -calculus and unconditional expansions in the underlying Banach space.

Lemma (1L5)[3]:
Suppose that A admits an H X(Za )— calculus, and that f € H® (ZU ) . Then there is a constant C so that for any
t > 0 and any finitely nonzero sequences (ak )keL we have:

Za f(2 tA)

kel

<C max|ak|

Furthermore for every x € X and t > 0 the series Z f (2t tA) X converges unconditionally in X .

kel
Proof: We can assume rPa[X|ak| < 1. For suitable constants C,C’ and t > 0 we have

27 Y

k

and the last quantity is finite.

For the last part observe that for any bounded sequence (ak )keL and t >0, the series Z o, f (Zk tA)X must converge to

kel

g(A)x where

(2)=2 o f(2tz) e H*(Z,).
kel
Proposition (1.6)[3]:
Suppose F eHg"(ZU;A). Then for any w<V<o, O<s<l1, and any Xxe X,

F(A)x:z_—;rjgSF(g)ASR(g,A)xdg,
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Proof: Firstnotethat A°R (i, A) is a bounded operator for A € I", which s given by the integral

s ___1 s _~\1
A R(A,A)k_zﬂirjvg (A-¢) " R(¢, A)xd¢ (13)

If @ < V' <V.This gives an estimate | A°R (/1, A)H <C |/1|S71 and shows that the integral in (13) converges to a Buchner integral.

Itis clear that we only need to establish the formula if X = ¢, (A) y forsome y € X . Todo this we compute
F(A)g,(A)x=F(A)e; (A)y
= A, (A)(F(A)) A0, (A)y

~ (A W) [ €70 ©F ()R (£ A)yas

J £ 0 (E)F(S) (Ao, (A)R(S.A) ydS

27z|

J 70, (S)F(S)(AR(S, A))xdg

27z|
Now using the dominated convergence theorem we obtain (13).

Let us rewrite (13) by using the parameterization ¢ =|t|€"*™" for o <t < o0 To represent the resolvent we often use the
function.

h (z)=2°(e" ~2)" (14)
Thenfor F e Hy' (X, ; A) whee o >v > o,
:l-ooi—ssnv*S i(sgnt)v s i(sgnt)v
F(A)x:z—ﬂiwe(l e ([0 ) AR([tle" Y, A)xt
ei(l Sy . dt e—i(l—s)v © dt
== !F(te )hy (t 1A)XT o }[F(te ") (t IA)XT
This can be reformulated as:
1 dt
F(A)x:2—7[ijl'(|\/|+(t)+|\/|(t))T (15)
Where
M, (1) =S F(27*t7e™ )h" (2tA)x (16)

kel

Corollary (1.7)[6]:
Suppose F; € (X4, A), isasequence withw <v < 0,0 < s <landx € X.
Then
ZZ F(4)x = —J Z ESE () (A5 + -+ ADR(E, Ay + -+ A)xdE

]1]1

23012 1f f SF(S)A R(§, Ag)xd§

Zm
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Proof: We have

o0 _1 o0
D ARG AL =50 |, ea-omREaox

K=1

Forw < v’ < v. Tofind the estimate, we have

" 2mi

1
i

Z AYR(AL A L Z Jr, 8@ =R, Ak)xds
K=1 K=1

Then
n
D IARRGL AN < ¢l
K=1

If x = Yg-1¢n(Ag)y  yeX We
haveX.i_; Xk=1F (A pn(Ag)x =
j=1 k=1 Fj(AK)fl’%(AK)y =
Yk=1 Z;O=1 AR pn(Ag) (F] (AK)) A’ pn(Ag)y = 2__7111.2?:1(14?{‘% (AK)) 23'0:1 frwf_sfpn (OR( Ag) ydé =
3 ke [r € 0n(©)F ) (A pn(A))R(E, A)yde =
3 e [r, E T 0n(©F () (ARR(E, A))xdE

Proposition (1.6) gives the proof.

We first make an essentially trivial deduction characterizing for the H “ — calculus.
Proposition (1.8)[3]:

Suppose V > @ and 0 < s < 1. Consider the conditions:

N (1-5) ;
Y g (2t) T AR(2te™, A)

K=—N

supsup sup

t>0 N g=+1

<o @n

Then (17) is necessary for A toadmitan H™ (Za ) — calculus for some o < y and sufficient for A toadmitan H™ (Za ) -
calculus forevery o > y .

Proof:

Necessity follows immediately from Lemma (1.5) for the functions h.™ . Conversely by (17), if f e H™ (ZU) where o >V we
obtain by (15) and (16)

H((on f )(A)H < C independent of n . Thisimpliesthat f € H(A).

The main result is also easy from (15) and (16).

Theorem (L9)[3][1][4]:

Suppose A admits an H” (ZU)—caIculus and FeH” (Zp; A) for some p > o . Suppose further that the set
{F (z):z eZp} is U-bounded. Then F eH (A A).

The theorem holds if we assume the stronger property that { F(z):zeX, } is WR-bounded or R-bounded.
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Proof:
As before we corsider ¢, F = F, sothat F, eH (A, A). Itsuffices to show sup H F (A)H < oo . Referring to (15) and (16) with

somefixed 0<s<land p>v>o for xe X, X e X with ”X”HX*H <1 we obtain the estimatefor 1 <t < 2
KMi (t)x, x>‘ <y <Fn (2t ) g (2“tA) x, g (2°tA) x>‘
kell
1

where g () :(hsiv (z))E.Suppose C is the U-bounded constant of {F (z):ze Zp} .Then

Z 8kg(2ktA) 2

[kj<N

KMi (t)x, x>‘ <Csupsup

g=t1 N

Hence by Lemma (1.5) we have
sup||F, (A)]| <o

Let us apply this to the case of two operators.

Theorem (1.10)[3]:

Suppose A,B are sectorial operators, such that A admits a H™ (Za ) -calculus  and a)( B) <o'. Suppose
fe Hw(prZU,) where & < p < 7 is such that {f (a)):a)eZp} is contained in H (B). Suppose further the set
{f (0,B):we Zp} is U-bounded. Then f eH (A, B) (ie. f (A, B) ) isabounded operator).

Proof:

We define F (a)) =f (a) B) andnotethat F € (Z p;A) ; this follows easily from the integral representation (4). Our conditions
and Theorem (1.9) ensure that F eH (A,A) . It is only necessary to check that this implies f eH (A, B) and of course
F(A)=f (A B).Butthis follows directly from (4), (5) and the remarks thereafter.

Let us show by example that Theorem (1.10) is closed to the possible. Let B be a sectorial operator on X . Suppose O< o <7
and consider the space L, ({—1, 1} Yo ) where {-1,1} > has the usual product measure.

Denote by &, the co-ordinate maps for ze> . Let Rad X denote the closed linear span of the functions

{e,®x:1zeX ,xeX}.Wedefine B=1®B on L, (X ) and restrict it to the sub-space Rad X which is invariart. We
define A on Rad X by

A Son ] F e

€, zeX,
with domain consisting of all )" ¢,X, € L, sothat Y ze,X, € L, .
Clearly A hasan H” (X )— calculusand f (A,B),forsome f e H™ (X xX_.) with o' > w(B), is bounded if and
only if the operators f (z,B),z e X, existin B(X ) and forma R-bounded set.

We now consider strengthening of the boundedness conditions in the definition of sectoriality. Let A be a sectorial operator and let
w(A) denotetheinfimumofall o sothat A isoftype o .
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We will say that A is R-sectorial, ( respectively WR-sectorial, respectively U-sectorial) if there exists 0 < o < 7 so that the family
of operators {AR(A, A) : |arg l| > cr} is R-bounded (' respectively WR-bounded, respectively U-bounded). We then define

wg (A), (respectively @, (A), respectively @ (A) to be the infimum of all such o . We will say A is H™ — sectorial (
respectively, RH ™ — sectorial, respectively WFH “ — sectorial) if there existsa 0 < o < 7 sothat A admitsan H™ (Za ) -

calculus ( respectively, such that the set { f(A):|f]l,- o) S l} is R-bounded, respectively such that the set
{ f(A):|f]l,- =) l} is WR-bounded). The infimum of all such o is denoted ,, (A) (respectively g, (A) , respectively

Oyry (A) )-
There are certain obvious and trivial relationships between these concepts. Clearly R-sectorial implies WR -sectorial implies U-
sectorial and whenever these concepts are defined, @, (A) 2 @y (A) 2 @y, (A).

Similarly RH * -sectorial implies WRH * — sectorial implies H* — sectorial and g, (A) 2 &y (A) 2 @, (A)2 0 (A)
We now turn to less trivial observations:

Proposition (1.11)[3]:

Suppose A is H” - sectorial and U -sectorial. Then a,, (A) < @, (A).

Proof:

Let us assume that {AR (2, A):|arg A| > v} is U — bounded with constant k where v> (A),and o > V. We will show
that A admitsan H™ (Za ) — calculus. We use Proposition (1.8). Fix some 0 <'s <1.We can assume that there exists p > o

sothat SUP SUp sup

N g=F1 t>0

D g (2ktA)H =M <ooandsothat A admitsan H” (X ) — caleulus forsome t < p .

Nowsuppose X € X and X e X . Thenforonly N and &; = =1 we have

<Z gkhsv(ZktA)x,x*> <Z (h:(ZktA))—(h;’(ZktA))x, x*>
k<N k<N

By the resolvent equation,
! (20A) —h¢ (20A) = (6" ~1)2 "t "R (24t 76", A)h? (2°1A)

<M ||x||Hx*H+

Since A hasan H™ (X ) — calculus we can define g (7) = (h;’ ( z))]/2 and note that
> &9 (2ktA)

[kj<N
Where C is independent of t . Thus, by the boundedness of {AR (1, A) rargA = v}
> |(2 tR(2* 17", A)g (2't8) x g (2tA))| < kC? ¥
[kl<N
It follows that

<ngh;(2ktA)x,x*>

[kj<N

sup sup <C

N g=%1

X*

S(M +2kC2)||x| X

and this gives
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sup sup sup <M +2kC? < .

N g=t1 t>0

D gy (2ktA)

k|<N

Combined with a similar estimate for —v we obtain the result by using Proposition (1.8).

In order to study an analytic semi-group with generator (—A) it is of particular interest to know that w,, ( A) < 7/2 . Therefore we
use Proposition (1.11) to improve onaresult of X.T . Duong.
Corollary (1.12)[3][2]:

Let (—A) generate an analytic contractive and positive semi-groupon L (€2, 1) forsome 1< p < oo Then o, (A) < 7/2.

Proof:
Itis shown that @,, (A) < 7 and @ (A) < 7/2 . Hence we can apply Proposition (5.1.11).

We remark that it is an open problem whether @, (A) = ( A) whenever A is H™ — sectorial. The next theorem gives some
results in this direction.
Theorem (1.13)[3]:

Suppose A is H™ — sectorial operator ona Banach space X .
Then:

(i) If X has property (@) then A is RH™ —sectorial and “¥ (A)=n; (A) = (A) = ay (A)
(i)  If X has property (A) then A is WRH™ —sectorial and “H (A)= tugr (A) = e (A) =, (A)
(iii)  If X has property (4) then A is R -sectorial and “’* (A)=ap(A)=ay (A)

Proof:

(i) Assume that A admits an (Zo)- calculus. Suppose @ <V <7 suppose 0<S<1 and let

9. (Z) - (h; (Z)) . We then can argue by Lemma (1.5) that

Y 50, (2A)

k=—N

sup sup <M<

N g =+1

independent of t . Hence by Theorem (1.3) the family { Z a h (Zk tA)} is R-bounded with constant bounded independent of t

[kj<N

. Now by (15) and (16) it follows that if o' >V then {f(A):||f||Hx(z ) 31} is Rademacher-bounded. Indeed for

|

and so (i) follows from

f,eHy (X,) and x, € X forl<k <n wehave
[E Z (e T2 ) (270tA)x,
k=1

It follows that “®+ (A)=o(A), Now clearly
Proposition (1.11).

() Is very similar.

t>0 Nel

2\
X, } §4m§xsupsup[

oy (A) S aR (A)< g, (A)
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(ii) Here we use Lemma (1.4). Suppose A admits an H (ZU)- calculus and suppose o'>V>0 We
{2ktR (2™ )k e z}
N, >N,

show that the sequence is Rademacher-bounded with constant independent

of t. To do this we note that if
oM tR(ZNlteiV, A) — 2R (2N2te”, A)

= NZ 2 AR(2'tRY, A)R(2te", A)
J=N,+1
Let k(z)=2z(e" - z)fl(eiv —22)71 Letu(z)= (k(z))% e H” (X, ). Weobservethat
N

> 8ju(2’jt’1A)

J=N,+1

independent of t by lemma (1.5). Applying Theorem (1.3) yields that

{ i k(271 A)N, > Nz}

J=N,+1

sup sup <M<,

N;>N, &;=+1

is Rademacher-bounded with constant independent of t . But this implies that

{2"1R (2" te", A)- 2" (2" te", A): N > N, |
is also Rademacher-bounded  with  constant  independent of t . But this implies that
{ZNl tR (2“l te" A) — 2R (2“2 te" A) N, >N, } is also Rademacher-bounded with constan t independent of tand hence
(‘taking limits) so is { 2"tR (2”te v ,A) ‘neN } . A similar argument for —v and an application of Lemma (1.4) shows that
wg (A) < V. Hence o, (A) < @, (A) . The proof is complete as in (i).

As a corollary to the proof of Theorem (1.13) we obtain some additional information on the operator-valued calculus. Considered in
Theorem (1.3).

Corollary (1.149)[3]:
Assumethat X has property () andlet F < L (X ) beanR-boundedset. If A is H” — sectorial then forany o > a,, (A)

theset {F (A):F e H"(X,,A),F({)eF V¢ e X, } isR-bounded.

Proof:

Adapt the proof of Theorem (1.13) (i) using the fact that the set

{310 (2A): T, eF NA]

Is R-bounded, again by Theorem (1.3).

Theorem (L.15)[3][1]:

Suppose A and B are H™ —sectorial operators such that B is WRH ™ —sectorial. Then for any o > o, (A) and
o' > @y (B) thepair (A, B) hasajoint H” (X x X . ) calculus.
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