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Abstract.

Suppose that K is a nonempty closed convex subset of a real uniformly convex and smooth Banach space E with

P as a sunny nonexpansive retraction. Let T.:K - E (1=1,2,3,4,5,6) be six of weakly inward and

asymptotically nonexpansive mappings with respect to P with common sequence {kn}c[l,oo) satisfying
_ 6

Z::l(kn ~1)<w and F = ﬂF(Ti);t &, respectively. For any given x, € K, supposethat {x,} isasequence

i=1
generated iteratively by

Xn+l = aann + bn1(|:>-|-1)n yn + Cnl(PTZ )n yn’

y, =a,x, +b,(PT,)'z, +c,,(PT,) z,,

z, =a,X, +0,(PT,)"x, +¢,(PT,)"x,,
where {a_ .}, {b,,} and {c,}(i=1,2,3) are sequences in [¢,1—] for some & <(0,1) which satisfy condition
a,+b,+c,; =1 (i = 1,2,3). Under some suitable conditions, strong convergence theorems of {Xn} to a common
fixed point of {T, }xs_

.-, are obtained.
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1. Introduction

Let K beanonempty closed convex subset of a real uniformly convex Banach space E.Amapping T:K - K
is called nonexpansive if [Tx—Ty|<[x—y| for all x, yeK . A mapping T:K —>K is called

asymptotically nonexpansive if there exists a sequence {k,}c[1,00) with k, —1 such that

‘T"X—T”y <k,[x-y] (1.1)
forall x, ye K and n>1.

A mapping T:K — K iscalled uniformly L— Lipschitzian if there exists constant L >0 such that
[Trx=T"y| < Ljx—y] (1.2)
forall x, ye K and n>1.

Asubset K of E is said to be a retract of E if there exists a continuous map P:E — K such that Px =X,
for all xe K. Every closed convex subset of a uniformly convex Banach space is a retract. A mapping

P:E — K s said to be a retraction if P> =P . It follows that if a map P is a retraction, then Py =y for all
y € R(P), the range of P.
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It is well-known that every closed convex subset of a uniformly convex Banach space is a retract. The concept of
asymptotically nonexpansive nonself-mappings was firstly introduced by Chidume et al. [2] as the generalization of
asymptotically nonexpansive self-mappings. The asymptotically nonexpansive nonself-mapping is defined as
follows:

Let K beanonempty subset of real normed linear space E. Let P:E — K be the nonexpansive retraction of
E onto K. A nonself mapping T:K — E is called asymptotically nonexpansive if there exists sequence
{k,}<[1,0), k, =1 (n—>o0) such that

HT(PT)”‘lx ~T(PT)"* yH <k,[x—y|forall x,ye K, nx1. (1.3)
Let K beanonempty subset of real normed linear space E. Let P:E — K be the nonexpansive retraction of

E onto K. A nonself mapping T:K — E is called uniformly L— Lipschitzian if there exists constant
L >0 such that

HT(PT)”‘lx—T(PT)”‘l yH <L|x-y|forallx,yeK, nx>1. (1.4)

As a matter of fact, if T is self-mapping, then P becomes the identity mapping, so that (1.3) and (1.4) reduces to
(1.1) and (1.2), respectively. In addition, if T :K — E is asymptotically nonexpansive and P:E —> K is a
nonexpansive retraction, then PT :K — K is asymptotically nonexpansive. Indeed, for all X,y e K and

ne N, it follows that
|(PT)"x—(PT)"y| =|PT (PT)"*x—PT (PT)"y|
<[T(PT)"*x=T(PT)""y|
<k,[x-y|

The converse, however, may not be true. Therefore, Zhou et al. [4] introduced the following generalized definition
recently.

Definition 1.[4] Let K be a nonempty subset of real normed linear space E. Let P:E —> K be the
nonexpansive retraction of E into K.

(DA nonself mapping T:K — E is called asymptotically nonexpansive with respect to P if there exists
sequences {kn}e[l, oo) with k, —1 as n—oo such that

|(PT)"x=(PT)"y| <k, [x—y]. ¥,y eK,neN.

(i)A nonself mapping T : K — E s said to be uniformly L -Lipschitzian with respect to P if there exists a
constant L >0 such that

|(PT)"x—(PT)"y

‘s L[x—y[. vx,yeK,neN.

Zhou et al. [4] obtained some strong and weak convergence theorems for common fixed points of nonself
asymptotically nonexpansive mappings with respect to P in uniformly convex Banach spaces. As a consequence,
the main results of Chidume et al. [2] were deduced.

Inspired and motivated by this facts, we study three step iteration scheme for approximating common fixed points of
six nonself-asymptotically nonexpansive mappings with respect to P and to prove some strong convergence
theorems for such mappings in uniformly convex Banach spaces. The scheme (1.5) is defined as follows.

Let K bea nonempty closed convex subset of a real normed linear space E with retraction P.Let T, :K - E
(1=1,2,3,4,5,6) be six nonself-asymptotically nonexpansive mappings with respect to P. For any given
X, € K and n>1, suppose that {Xn} is a sequence generated iteratively by
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Xoa1 = X, +bn1(PT1)n Yo +Cu(PT ) Yns

y, =a,x +b,(PT,)'z, +c,,(PT,)'z (1.5)

z, = a,,X, +0,(PT,)"x, +C(PT )
where {a,,}, {b,,} and {c,,} (i=1,2,3) are sequences in [¢,1-¢] fo
a,+b, +c,=1(i=1,2,3)
If b,=b,=c,;=c,,=0 forall n>1, then (1.5) reduces to the iteration defined by Zhou et al. [4]

X, € K, X a X, +b,(PT,)"x, +¢,(PT,)"x,,neN, (1.6)

where {a,}{b,} and {c,} arethree sequencesin [¢,1—¢] for some & (0,1), satisfying a, +b, +c, =1.

or some & < (0,1) which satisfy condition

n+l

2.Preliminaries

For the sake of convenience, we restate the following concepts and results.
Let E be a Banach space with its dimension greater than or equal to 2. The modulus of E is the function

S (£):(0,2] > [0,1] defined by
. 1
Oc (&) =inf {1—”5 (x+ y)‘ ”X” =1, ||y|| =l,e= ”X — y||}
A Banach space E is uniformly convex if and only if S:(g) >0 forall &< (0,2].
Let E bea Banachspaceand S(E)= {X cE:|x = 1}. The space E is said to be smooth if

-l
t—0 t

exists for all X,y e S(E).

Let C and K be subsets of a Banach space E . A mapping P from C into K is called sunny if
P(Px+t(x—Px)) =Px for xeC with Px+t(x—Px)eC and t>0.

Forany xeK, theinwardset |, (x) is defined as follows:
() ={yeE:y=x+A(z—x),zeK,1>0}
A mapping T :K — E is said to satisfy the inward condition if Txel,(x) for all xe K. T is said to be
weakly inward if Txecll, (x) for each x e K,where cll, (X) is the closure of I, (X).
A mapping T :K — K issaid to be completely continuous if for every bounded sequence {xn } there exists

a subsequence say ixn,} of {X } such that fl' xn_} converges to some element of the range T.
] ]

n

A mapping T:K — K is said to be demicompact if any sequence {x,} in K satisfying |, —Tx,|—0 as

N — oo has a convergent subsequence.
We need the following lemmas for our main results.

Lemma 1.[5] If {rn}, {tn} are two sequences of nonnegative real numbers such that
n+l —(l+t ) n’ n 21

and Ztn <o, then imn..I, exists.
n=1

Lemma 2.[3] Let E be real smooth Banach space, let K be nonempty closed convex subset of E with P asa
sunny nonexpansive retraction, and let T :K — E be a mapping satisfying weakly inward condition. Then

F(PT) = F(T).
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Lemma 3.[1] Let E be a real uniformly convex Banach space and B, = {x ceE:|x < R}. Then there exists a
continuous, strictly increasing, and convex function g :[0,00)—[0,o0), g(0) =0 such that
oo+ By + 72| < X" + BIVI + Al ~ e[~ v])
forall x, y,zeBg,andall «, f, ye[o,l] with a+ f+y =1.
3.Main Results

In this section, we present some several strong convergence theorems of the three step iteration scheme (1.5) to a
common fixed point for six nonself-asymptotically nonexpansive mappings with respect to P in a real uniformly
convex Banach spaces. We shall make use of the following lemmas.

Lemma 4.Let E be a real normed space and K a nonempty closed convex subset of E which is also a
nonexpansive retract of E . Let T.:K > E (1=1,2,3,4,5,6) be six nonself-asymptotically nonexpansive
mappings with respect to P with common sequence {k, j<[1,00) satisfying D> " (k, —1)<oo. Suppose that
J— 6 J—
1x,} is defined by (1.5). If F =("|F(T,)= @, then lim..|x, — p| existsforall peF.
i=1

Proof. Let p e F . From (1.5), we have

”Zn - p” = an3Xn + bn3(pT5 )n X, +Cn3(PT6 )” Xy — p” (31)

< an3||xn - p||+bn3kn||xn - p” +Cn3kn||xn - p”

<k [x, — p|.

By (1.5) and (3.1), we obtain
[va—pl=
< an2||Xn - p||+bn2kn||zn - p||+cn2kn||zn - p”

anZXn + bnz(PTS )” Zn + CnZ(PT4 )n Zn - p” (32)

< an2||Xn - p||+ bnzkr?”Xn - p” +Cn2kr12||xn - p”
<k?[x, - p|.

Therefore, it follows from (1.5) and (3.2) that
%o — P = 2 (X, — P)+ bnl((PTl)n Y, — p)+ cnl((PT2 yy, - p]‘ (3.3)
= anl”Xn - p” +bn1kn||yn - p”+cnlkn”yn - p”
= an1||xn - p”+ bnlkr?”Xn - p”"_cnlkr?”Xn - p”
<kix, -l
=(1+6, )%, - p|-
Note that Z::l(kn ~1)< oo is equivalent to Z:ﬂ(kf —l)< oo. Thus, by (3.3) and Lemma 1, limy .|, — p|

exists for all p € F . This completes the proof.

Lemmab5.Let E be a real uniformly convex Banach space and K a nonempty closed convex subset of E which
is also a nonexpansive retract of E . Let T,:K —>E (1=1,2,3,4,5,6) be six nonself-asymptotically

nonexpansive mappings with respectto P with common sequence {kn }c [1, oo) satisfying Z::l(kn —1) <00,
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Suppose that {x.} is defined by (1.5), where {a,,}, {b,,} and {c,}(i=1,2,3) are sequences in [¢,1—&] for

- 6
some £ (0,1) If F=(F(T,)= @, then limn...[x, —(PT,)x,[| =0 foreach i=12,34,56.
i=1

Proof. From (1.5), by the property of P, and Lemma 3, we have
2
|2, =Pl =

ar13Xn + an(PTS )" Xn + Cn3(PT6 )n Xn - pHZ (34)

<a|x, — P +by(PT. )%, ~ B + .o (PTe ) x, B[

x, —(PT, )X, )

—anstSglq
<a|x, Pl +byakilx, — Pl + e ki, — pf°
—gzgqun —(PT,)x, )

<k2l, ~ ol ~ %0, [x, ~(PT Y x,)

x, —(PT,)"x, )—)0 as N—oo. Since g, :[0,00)—[0,00) with g,(0)=0 is a

continuous strictly increasing convex function, it follows that

which implies that glq

lim %, —(PT5)"x,| =0. (35)
Similarly, we obtain
lim [x, —(PT,)"x [ = 0. (3.6)
It follows from (1.5), (3.4) and Lemma 3 that
2
”yn - p”2 = aHZXn +bn2(PT3)n Zn +CnZ(PT4)n Zn - p” (37)

<a,|*, — P +by|(PT:) 2, - pH2 +C,|(PT, )" 2, — sz
- anzbnzgzq )

< a‘n2||Xn - p||2 + bnzan”Zn - p||2 +Cn2kr$||zn - p||2

Xp— (PTS )n Z,

- an2bn2 gZQ X, _(PT3 )n Z, )
< a‘n2||Xn - p||2 +bn2k:||xn - p||2 + ank:”Xn - p||2
_(bnz + an)gzglq X _(PTS )n X )_ an2bn2 gzq Xn— (PT3 )n Z, )

<kil, — ol ~ <% )

x, —(PT,) z, )—)O as Nn—oo. Since g,:[0,00)—[0,00) with g,(0)=0 is a
continuous strictly increasing convex function, it follows that

Xy — (PTS )n Z,

which implies that gzq

lim|x, - (PT,)"z,[ = 0. (3.8)
Similarly, we have
lim [x, —(PT,)"z,| = 0. (3.9)
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Similarly, it follows from (1.5), (3.7) and Lemma 3 that
o= P = o, +0u(PT)'y, +C,(PT, Ny, — o

(PT.) o~ 1] +cu|(PT.) v~ o[
- anlbnlg3q x, —(PT,)"y, )
<[, — Pl + k], — Pl +c.uklly, — Pl
—gzg3qxn —(PT,)y, )
<a |, — pl" + ki, — bl + cokix, ol

—(b, +cn1)52gzq x, —(PT,)'z, )—gzggq x, —(PT,)"y,
<k, — o g, ~(PT. v}
x, —(PT,)"y, )—)O as N—oo. Since g,:[0,00)—[0,00) with g,(0)=0 is a

continuous strictly increasing convex function, it follows that

2
< anl”xn - p”2 + bnl ‘ + Cn1

)

which implies that ggq

lim %, =(PT,)"y,| = 0. (3.10)
Similarly, we have
lim|x, —(PT,)"y,[ =0. (3.11)

It follows from (1.5), (3.5) and (3.6) that

|20 =X, | = [@naXs +Bna(PT5 )" X, + € (PT ) %, — X, (3.12)
< bn3 X _(PTS)n Xnll  Cnz|| X, _(PTG )n X,
—0,asn —» o0
It follows from (3.8) and (3.12) that
H(PT3)” 2, -2, <[x, —(PTy) z,||+]z, = x| (3.13)
—0,asnNn >
Similarly we have
lim|(PT,)"z, —z,|=0. (3.14)
Noting that Yo =240 = anZ(Xn -1, )+ bnz((PTS )n Z,— Zn)+ an((PT4 )n Z,—-1, )’ we have
”yn - Zn” < an2||xn - Zn” + bn2 (PT3)n Z,—Z,|+Cpy, (PT4)n Z,—1Z,
This with (3.12), (3.13) and (3.14) implies that
lim||y, —2,[ =0 (3.15)
From (3.12) and (3.15)
lim||x, = ¥, =0 (3.16)
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It follows from (3.10) and (3.16) that
H (PT.)"y, y” HX (PT.) yHJr”X — Y, (3.17)

—0,asn > oo

Similarly we have
lim |(PT, )"y, = ¥s| =0. (3.18)

From (3.10) and (3.11), we have
[ ||—Ha x, +b,(PT,)"y, +c,.(PT, )"yn—an (3.19)

<be PT yH+c Hx PT yH

—0,asn > oo

Noting that
HX“ —(PT,) an <%, =z, +H(PT3)" Z, - an +H(PT3)” z,—(PT,) an

<(@+k, )%, — 2z, +H(PT3)n z, - an

This with (3.12) and (3.13) implies that
lim [, ~(PT,)"x, | =0 (3.20)

Similarly we have
lim [, ~(PT, )" x,| =0 (3.21)

Noting that
% =(PTL %] < 1%, = Yol +|(PT) v = v+ (PTL v = (PTL x, |
<@k, Yol +[PT o - v

This with (3.16) and (3.17) implies that
|an ~(PT,)"x H 0 (3.22)

Similarly we have
x,—(PT,)’ x” =0, (3.23)

Since an asymptotically nonexpansive mapping with respect to P must be uniformly L-Lipschitzian with respect
to P where L=sup,,{k,}>1, then we have

%1 —(PT, x l|| %o = (PT ™ X+ (PT ™5 = (PT |
Hx —(PT,)" H+ LHX —(PT,)"x, H
Hx —(PT,) H+ LJX,0 — X + LH PT,) an
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+(PT )y %, —(PT '
(PT )n+l
+L(L+1)x

n+1

< Xp— (PTI )n X,

n+1 n+1

— X, |

n+1

Consequently, by (3.5), (3.6), (3.20), (3.21), (3.22), (3.23) and (3.19), it can be obtained that
lim|x, —(PT; )x,| = 0(i =1,2,3,4,5,6) (3.24)

This completes the proof.

Theorem 1.Let E be a real uniformly convex Banach space and K a nonempty closed convex subset of E
which is also a nonexpansive retract of E. Let T, :K — E (1 =1,2,3,4,5,6) be six nonself-asymptotically

nonexpansive mappings with respect to P with common sequence {k, } [1,0) satisfying Z (k,—1)<oo.

Suppose that {x,} is defined by (1.5), where {a,,}, {b,,} and {c,}(i=1,2,3) are sequences in [¢,1—&] for

some £<(0,1) and F = ﬂF )# @ . Then {x,} converges strongly to a common fixed point of {T,}° ifand

i=1
i=1

only if liminf rHOcd(xn, F): 0, where d(xn,E): inf mxn -p|:pe E}

Proof. The necessity is obvious. Thus, we need only prove the sufficiency. Suppose that lim jnf n_md(xn , E) =0.
From (3.3), we obtain
d(x,.0 F )< L+ -2ulx,. F) (3:25)

As Z?:l(kf —1)<oo ,  therefore |imn_,wd(xn,E) exists by Lemma 1. But by hypothesis

liminf rHOod(xn ,E) =0, hence we must have |imn%d(xn,E) = 0. Next we shall prove that {xn} is a Cauchy
sequence. It follows from (3.3) that for any n,m=n,

||Xﬂ+m - p” < (1+ 0n+m—1)| n+m—1 - p”
<exp (9n+m—11|xn+m—1 - p”

n+m-1
g...gexp[ ;ek]”xn gl

Let M :exp@:;ﬂk) then M >0 and
- p|<M|x, - p|, vn,m=>n,. (3.26)

X

For an arbitrary & >0, since |imn%d(xn,E)= 0, there exists a positive integer N, such that d(xn , E) < ﬁ

for all n>N,. So, we have d(le,E)< ﬁ This means that there exists a X* e F such that

Xy — X" si. It follows from (3.26) that forall n>N, and m>1,
N1 4M 1

[
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*

<2M Xy, — X

<e.

n

This implies that {x} is a Cauchy sequence. Since E is complete, therefore lim,_.X, exists. Let

limnse X, =0°. Then g € K. It remains to prove thatq” e F . For an arbitrary £>0, there exists a positive

&

for all n>N, . Since limn..d xn,E =0, there exists a
2(1+k,) ? ( )

integer N, >N, such that <

X, —q"

natural number N, > N, such that d(xn,E)< ﬁ for all n> N,. Therefore, there exists p” e F such
+ n

. Consequently we have

HPqu* —q|= HPqu* -p +(p* —Xn, )+ (XN3 _q*]‘

<|PTa" - p’

that HXN3 - p<

+

+|p"—x Xy. =0
N

®

Xy, —0

|

<Kk, +

q = +p - x,
<k,

<e.

+

p _XN3 XN3_q

This implies that q* € F(PT,). It follows from Lemma 2 that q" € F(T,). Similarly, q" € F(T,), q" € F(T,),
q" eF(T,), q" eF(T,) and g" € F(T,). Therefore q" < F . This completes the proof.

Theorem 2. Let K be a nonempty closed convex subset of a real smooth and uniformly convex Banach space E
with P as a sunny nonexpansive retraction. Let T,:K —E (i =1,2,3,4,5,6) be six weakly inward and

nonself-asymptotically nonexpansive mappings with respect to P with common sequence {kn}c[l,oo)

satisfying Z:ll(kn ~1)< 0. Suppose that {x,} is defined by (1.5), where {a_,}, {b,;} and {c,}(i=1,2,3) are

sequences in [£,1—&] for some &< (0,1). If one of {T, }is:l

o 6
is completely continuous and F = ﬂF(Ti);ﬁ ,

i=1

then {xn} converges strongly to a common fixed point of {Ti }ie:l.

Proof. By Lemma 4 [im,_,..|X, — p| exists forany p e F. Itis sufficient to show that {x,} has a subsequence
which converges strongly to a common fixed point of {T,},. By Lemma 5, [ima_.[X,—(PT;)x,[=0

(1=1,2,3,4,5,6). Suppose that T, is completely continuous. Noting that P is nonexpansive, we conclude that
there exists subsequence iPTlxn_} of {PTlxn} such that PT,x, — p, and hence X, — p as j —>oo. By
] ] ]

the continuity of P, T,,T,,T,,T,,T. and T,, we have p=PT,p=PT,p=PT;p=PT,p=PT.p=PTp,

and so p eF by Lemma 2. Thus, {xn} converges strongly to a common fixed point p of {Ti }ie:l. This
completes the proof.

59



© Centre for Promoting Ideas, USA www.aijcrnet.com

Theorem 3.Let K be a nonempty closed convex subset of a real smooth and uniformly convex Banach space E
with P as a sunny nonexpansive retraction. Let T,:K —>E (i=1,2,3,4,5,6) be six weakly inward

nonself-asymptotically nonexpansive mappings with respect to P with common sequence {kn}c[l,oo)

satisfying » " (k, —1)<oo. Suppose that {x, } is defined by (1.5), where {a}, {o,;} and {c,;} (i=1,2,3) are

6
sequences in [£,1—&] for some & e (0,1). if one of {T,}, is demicompact and F =("|F(T,)# &, then {x,}

i=1

converges strongly to a common fixed point of {T,}_ .

Proof. Since one of {T, }is:l is demicompact, so is one of PT,PT,, PT,,PT,,PT, and PT,. Suppose that PT,
is demicompact. Noting that {x, } is bounded, we assert that there exists a subsequence |PT,x, | of {PT,x,}
]

such that PT,x, converges strongly to p. By Lemma 5, we have X, — p as j —o. By the continuity of
J ]

P,T,T,T,T,T, and T,, we have p=PT,p=PT,p=PT,p=PT,p=PT,p=PTsp, and so p cF by

Lemma 2. By Lemma 4, we know that lim,,..[|[X, — || exists. Therefore, {x,} converges strongly to a common
fixed point p as n—oo. This completes the proof.
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