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Abstract. 
 

Suppose that K  is a nonempty closed convex subset of a real uniformly convex and smooth Banach space E  with 

P  as a sunny nonexpansive retraction. Let EKTi : 6)1,2,3,4,5,=(i  be six of weakly inward and 

asymptotically nonexpansive mappings with respect to P  with common sequence     1,nk  satisfying 
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= , respectively. For any given ,1 Kx   suppose that  nx  is a sequence 

generated iteratively by 
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where  ,nia  nib  and  nic  1,2,3=i  are sequences in   ,1  for some  0,1  which satisfy condition 

1=ninini cba   .1,2,3=i  Under some suitable conditions, strong convergence theorems of  nx  to a common 

fixed point of  6

1=iiT  are obtained. 
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1. Introduction 
 

Let K  be a nonempty closed convex subset of a real uniformly convex Banach space E . A mapping KKT :  

is called venonexpansi  if yxTyTx   for all ,x Ky . A mapping KKT :  is called 

allyasymptotic venonexpansi  if there exists a sequence     1,nk  with 1nk  such that  

 yxkyTxT n

nn   (1.1) 

for all ,x Ky  and 1n . 

A mapping KKT :  is called uniformly anLipschitziL  if there exists constant 0L  such that  

 yxLyTxT nn   (1.2) 

for all ,x Ky  and 1n . 

A subset K  of E  is said to be a retract of E  if there exists a continuous map KEP :  such that xPx = , 

for all Kx . Every closed convex subset of a uniformly convex Banach space is a retract. A mapping 

KEP :  is said to be a retraction if PP =2
. It follows that if a map P  is a retraction, then yPy =  for all 

)(PRy , the range of P .  
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It is well-known that every closed convex subset of a uniformly convex Banach space is a retract. The concept of 

asymptotically nonexpansive nonself-mappings was firstly introduced by Chidume et al. [2] as the generalization of 
asymptotically nonexpansive self-mappings. The asymptotically nonexpansive nonself-mapping is defined as 

follows: 
 

Let K   be a nonempty subset of real normed linear space .E  Let KEP :  be the nonexpansive retraction of 

E  onto .K  A nonself mapping EKT :  is called allyasymptotic venonexpansi   if there exists sequence 

    1,nk , 1nk )( n  such that 

 1.,, allfor )()( 11   nKyxyxkyPTTxPTT n

nn
 (1.3) 

Let K   be a nonempty subset of real normed linear space .E  Let KEP :  be the nonexpansive retraction of 

E  onto .K  A nonself mapping EKT :  is called uniformly anLipschitziL  if there exists constant 

0L  such that 

 1.,, allfor )()( 11   nKyxyxLyPTTxPTT nn
 (1.4) 

 

As a matter of fact, if T  is self-mapping, then P  becomes the identity mapping, so that (1.3) and (1.4) reduces to 

(1.1) and (1.2), respectively. In addition, if EKT :  is asymptotically nonexpansive and KEP :  is a 

nonexpansive retraction, then KKPT :  is asymptotically nonexpansive. Indeed, for all Kyx ,  and 

n , it follows that  

 yPTPTxPTPTyPTxPT nnnn 11 )()(=)()(    

 yPTTxPTT nn 11 )()(    

 .yxkn   

The converse, however, may not be true. Therefore, Zhou et al. [4] introduced the following generalized definition 

recently. 
 

Definition 1.[4] Let K  be a nonempty subset of real normed linear space .E  Let KEP :  be the 

nonexpansive retraction of E  into .K  

(i)A nonself mapping EKT :  is called asymptotically nonexpansive with respect to P  if there exists 

sequences     ,1nk  with 1nk  as n  such that 

 .,,,)()(  nKyxyxkyPTxPT n

nn
 

(ii)A nonself mapping EKT :  is said to be uniformly L -Lipschitzian with respect to P  if there  exists a 

constant 0L  such that  

 .,,,)()(  nKyxyxLyPTxPT nn
 

 

Zhou et al. [4] obtained some strong and weak convergence theorems for common fixed points of nonself 

asymptotically nonexpansive mappings with respect to P  in uniformly convex Banach spaces. As a consequence, 

the main results of Chidume et al. [2] were deduced. 
 

Inspired and motivated by this facts, we study three step iteration scheme for approximating common fixed points of 

six nonself-asymptotically nonexpansive mappings with respect to P  and to prove some strong convergence 

theorems for such mappings in uniformly convex Banach spaces. The scheme (1.5) is defined as follows. 
 

Let K  be a nonempty closed convex subset of a real normed linear space E  with retraction P . Let EKTi :

6)1,2,3,4,5,=(i  be six nonself-asymptotically nonexpansive mappings with respect to .P  For any given 

Kx 1  and 1n , suppose that  nx  is a sequence generated iteratively by 
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 (1.5) 

where  ,nia  nib  and  nic  1,2,3=i  are sequences in   ,1  for some  0,1  which satisfy condition 

1=ninini cba   .1,2,3=i  

If 0=== 2323 nnnn ccbb  for all 1,n  then (1.5) reduces to the iteration defined by Zhou et al. [4] 

 ,,)()(=, 2111111   nxPTcxPTbxaxKx n

n

nn

n

nnnn  (1.6) 

where    11 , nn ba  and  1nc  are three sequences in   ,1  for some  ,0,1  satisfying 1.=111 nnn cba   

 

2.Preliminaries 
 

For the sake of convenience, we restate the following concepts and results. 

Let E  be a Banach space with its dimension greater than or equal to 2.  The modulus of E  is the function 

 1,0(0,2]:)( E  defined by 

 .=1,=1,=:)(
2

1
1inf=)(









 yxyxyxE   

A Banach space E  is uniformly convex if and only if 0>)(E  for all (0,2] . 

Let E  be a Banach space and  .1=:=)( xExES   The space E  is said to be smooth if  

 
t

xtyx

t




lim

0

 

exists for all ).(, ESyx   

Let C  and K  be subsets of a Banach space E . A mapping P  from C  into K  is called sunny if 

PxPxxtPxP =))((   for Cx  with CPxxtPx  )(  and 0.t  

For any ,Kx  the inward set )(xIK  is defined as follows: 

  .0,),(=:=)(   KzxzxyEyxIK  

A mapping EKT :  is said to satisfy the inward condition if )(xITx K  for all .Kx T  is said to be 

weakly inward if )(xclITx K  for each ,Kx where )(xclI K  is the closure of )(xIK . 

A mapping KKT :  is said to be completely continuous  if for every bounded sequence  ,nx  there exists 

a subsequence say  
j

nx  of  nx  such that  
j

nTx  converges to some element of the range .T  

A mapping KKT :  is said to be tdemicompac  if any sequence  nx  in K  satisfying 0 nn Txx  as 

n  has a convergent subsequence. 

We need the following lemmas for our main results. 
 

Lemma 1.[5] If  nr ,  nt  are two sequences of nonnegative real numbers such that 

   1,11  nrtr nnn  

and 


<
1=

n

n

t , then nn rlim   exists.  

 

Lemma 2.[3] Let E  be real smooth Banach space, let K  be nonempty closed convex subset of E  with P  as a 

sunny nonexpansive retraction, and let EKT :  be a mapping satisfying weakly inward condition. Then 

).(=)( TFPTF
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Lemma 3.[1] Let E  be a real uniformly convex Banach space and  RxExBR  := . Then there exists a 

continuous, strictly increasing, and convex function     0,0,:g , 0=(0)g  such that 

  ,2222
yxgzyxzyx    

for all ,x ,y RBz , and all  0,1,,   with 1=  .  
 

3.Main Results 
 

In this section, we present some several strong convergence theorems of the three step iteration scheme (1.5) to a 

common fixed point for six nonself-asymptotically nonexpansive mappings with respect to P  in a real uniformly 

convex Banach spaces. We shall make use of the following lemmas. 

 

Lemma 4.Let E  be a real normed space and K  a nonempty closed convex subset of E  which is also a 

nonexpansive retract of E . Let EKTi : 6)1,2,3,4,5,=(i  be six nonself-asymptotically nonexpansive 

mappings with respect to P  with common sequence     1,nk  satisfying   


<1
1= nn

k . Suppose that 

 nx  is defined by (1.5) .  If   i

i

TFF 
6

1=

= , then pxnn lim  exists for all .Fp  

 

Proof. Let Fp . From (1.5), we have 

     pxPTcxPTbxapz n

n

nn

n

nnnn  63533=  (3.1) 

 pxkcpxkbpxa nnnnnnnn  333  

 .pxk nn   

 
By (1.5) and (3.1), we obtain 

     pzPTczPTbxapy n

n

nn

n

nnnn  42322=  (3.2) 

 pzkcpzkbpxa nnnnnnnn  222  

 pxkcpxkbpxa nnnnnnnn  2

2

2

22  

 .2 pxk nn   

 

Therefore, it follows from (1.5) and (3.2) that 

        pyPTcpyPTbpxapx n

n

nn

n

nnnn  211111 =  (3.3) 

 pykcpykbpxa nnnnnnnn  111  

 pxkcpxkbpxa nnnnnnnn  3

1

3

11  

 pxk nn  3
 

   .1= pxnn   

Note that   


<1
1= nn

k  is equivalent to   .<13

1=




nn
k  Thus, by (3.3) and Lemma 1, pxnn lim  

exists for all Fp . This completes the proof.  
 

Lemma 5.Let E  be a real uniformly convex Banach space and K  a nonempty closed convex subset of E  which 

is also a nonexpansive retract of E . Let EKTi : 6)1,2,3,4,5,=(i  be six nonself-asymptotically 

nonexpansive mappings with respect to P  with common sequence     1,nk  satisfying   


<1
1= nn

k .  
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Suppose that  nx  is defined by (1.5), where  ,nia  nib  and  nic  1,2,3=i  are sequences in   ,1  for 

some  .0,1  If   i

i

TFF 
6

1=

= , then   0=lim ninn xPTx   for each 6.1,2,3,4,5,=i  

 

Proof. From (1.5), by the property of P , and Lemma 3 , we have 

    
2

63533

2
= pxPTcxPTbxapz n

n

nn

n

nnnn   (3.4) 

    
2

63

2

53

2

3 pxPTcpxPTbpxa n

n

nn

n

nnn   

   n

n

nnn xPTxgba 5133   

 
22

3

22

3

2

3 pxkcpxkbpxa nnnnnnnn   

   n

n

n xPTxg 51

2   

   n

n

nnn xPTxgpxk 51

222    

which implies that    051  n

n

n xPTxg  as n . Since     0,0,:1g  with   0=01g  is a 

continuous strictly increasing convex function, it follows that 

   0.=lim 5 n

n

n
n

xPTx 


 (3.5) 

 

Similarly, we obtain  

   0.=lim 6 n

n

n
n

xPTx 


 (3.6) 

 

It follows from (1.5), (3.4) and Lemma 3 that 

    
2

42322

2
= pzPTczPTbxapy n

n
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nnnn   (3.7) 
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2 pxkcpxkbpxa nnnnnnnn   

        n

n

nnnn

n

nnn zPTxgbaxPTxgcb 322251

2

22    

   ,32

224

n

n

nnn zPTxgpxk    

which implies that    032  n

n

n zPTxg  as n . Since     0,0,:2g  with   0=02g  is a 

continuous strictly increasing convex function, it follows that 

   0.=lim 3 n

n

n
n

zPTx 


 (3.8) 

 

Similarly, we have  

   0.=lim 4 n

n

n
n

zPTx 


 (3.9) 
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Similarly, it follows from (1.5), (3.7) and Lemma 3 that 
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which implies that    013  n

n

n yPTxg  as n . Since     0,0,:3g  with   0=03g  is a 

continuous strictly increasing convex function, it follows that 

   0.=lim 1 n

n

n
n

yPTx 


 (3.10) 

 

Similarly, we have  

   0.=lim 2 n

n

n
n

yPTx 


 (3.11) 

 
It follows from (1.5), (3.5) and (3.6) that 

     nn

n

nn

n

nnnnn xxPTcxPTbxaxz  63533=  (3.12) 

     n

n

nnn

n

nn xPTxcxPTxb 6353   

  nas0,  

 
It follows from (3.8) and (3.12) that 

     nnn

n

nnn

n
xzzPTxzzPT  33  (3.13) 

  n as0,  

 
Similarly we have  

   0.=lim 4 nn

n

n

zzPT 


 (3.14) 

 

Noting that        nn

n

nnn

n

nnnnnn zzPTczzPTbzxazy  42322= , we have 

     nn

n

nnn

n

nnnnnn zzPTczzPTbzxazy  42322  

 
This with (3.12), (3.13) and (3.14) implies that 

 0=lim nn
n

zy 


 (3.15) 

 

From (3.12) and (3.15) 

 0=lim nn
n

yx 


 (3.16) 
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It follows from (3.10) and (3.16) that 

     nnn

n

nnn

n
yxyPTxyyPT  11

 (3.17) 

  nas0,  

 
Similarly we have  

   0.=lim 2 nn

n

n

yyPT 


 (3.18) 

 
From (3.10) and (3.11), we have 
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n
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n

nnnnn xyPTcyPTbxaxx  211111 =  (3.19) 

     n

n

nnn

n

nn yPTxcyPTxb 2111   

  nas0,  

 
Noting that 

         n

n

n

n

nn

n

nnn

n

n xPTzPTzzPTzxxPTx 3333   

     nn

n

nnn zzPTzxk  31  

 

This with (3.12) and (3.13) implies that 

   0=lim 3 n

n

n
n

xPTx 


 (3.20) 

 
Similarly we have  

   0=lim 4 n

n

n
n

xPTx 


 (3.21) 

 
Noting that 

         n

n

n

n

nn

n

nnn

n

n xPTyPTyyPTyxxPTx 1111   

     nn

n

nnn yyPTyxk  11  

 

This with (3.16) and (3.17) implies that 

   0=lim 1 n

n

n
n

xPTx 


 (3.22) 

 

Similarly we have  

   0.=lim 2 n

n

n
n

xPTx 


 (3.23) 

 

Since an asymptotically nonexpansive mapping with respect to P  must be uniformly L-Lipschitzian with respect 

to P ,where   1sup=
1
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kL , then we have 
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i xPTxPTL  

     n
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n

in xPTxLxPTx  



 1

1

1
 

   .1 1 nn xxLL    

 

Consequently, by (3.5), (3.6), (3.20), (3.21), (3.22), (3.23) and (3.19), it can be obtained that 

   6)1,2,3,4,5,=0(=lim ixPTx nin
n




 (3.24) 

 

This completes the proof.  
 

Theorem 1.Let E  be a real uniformly convex Banach space and K  a nonempty closed convex subset of E  

which is also a nonexpansive retract of E . Let EKTi : 6)1,2,3,4,5,=(i  be six  nonself-asymptotically 

nonexpansive mappings with respect to P  with common sequence     1,nk  satisfying   


<1
1= nn

k . 

Suppose that  nx  is defined by (1.5), where  ,nia  nib  and  nic  1,2,3=i  are sequences in   ,1  for 

some  0,1  and   i

i

TFF 
6

1=

= . Then  nx  converges strongly to a common fixed point of  6

1=iiT  if and 

only if   0=,inflim Fxd nn  , where    .:inf=, FppxFxd nn   

 

Proof. The necessity is obvious. Thus, we need only prove the sufficiency. Suppose that   0=,inflim Fxd nn  . 

From (3.3), we obtain 

       .,11, 3

1 FxdkFxd nnn 
 (3.25) 

 

As   


<13

1= nn
k , therefore  Fxd nn ,lim   exists by Lemma 1. But by hypothesis 

  0,=,inflim Fxd nn   hence we must have   0.=,lim Fxd nn   Next we shall prove that  nx  is a Cauchy 

sequence. It follows from (3.3) that for any 0, nmn   

  pxpx mnmnmn   111   

  px mnmn   11exp   

.exp
1

=

pxnk

mn

nk









 



  

 

Let  ,exp=
1= kk

M 


 then 0>M  and 

 .,, 0nmnpxMpx nmn   (3.26) 

 

For an arbitrary 0,>  since   0=,lim Fxd nn  , there exists a positive integer 1N  such that  
M

Fxd n
4

<,


 

for all .1Nn   So, we have   .
4

<,
1 M

Fxd N


 This means that there exists a Fx 

 such that 

.
41 M

xxN


 

 It follows from (3.26) that for all 1Nn   and 1,m  



  xxxxxx nmnnmn
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 xxM N
1

2  

.<   

 

This implies that  nx  is a Cauchy sequence. Since E  is complete, therefore nn xlim   exists. Let 

.=lim


 qxnn  Then Kq  . It remains to prove that Fq 
. For an arbitrary 0,>  there exists a positive 

integer 12 > NN  such that 
 n

n
k

qx


 

12
<


 for all 2Nn  . Since   0,=,lim Fxd nn   there exists a 

natural number 23 > NN  such that  
 n

n
k

Fxd
12

<,


 for all .3Nn   Therefore, there exists Fp 
 such 

that 
 n

N
k

px


 

12
<

3


. Consequently we have  

      qxxppqPTqqPT NN
33

11 =  

 
  qxxppqPT NN

33
1  

 
  qxxppqk NNn

33
 

     qxxpk NNn
33

1  

 .<   

 

This implies that  1PTFq  . It follows from Lemma 2 that  1TFq  . Similarly,  ,2TFq   ,3TFq 

 ,4TFq   5TFq   and  .6TFq   Therefore Fq 
. This completes the proof.  

 

Theorem 2. Let K  be a nonempty closed convex subset of a real smooth and uniformly convex Banach space E  

with P  as a sunny nonexpansive retraction. Let EKTi : 6)1,2,3,4,5,=(i  be six weakly inward and 

nonself-asymptotically nonexpansive mappings with respect to P  with common sequence     1,nk  

satisfying   


<1
1= nn

k . Suppose that  nx  is defined by (1.5), where  ,nia  nib  and  nic  1,2,3=i  are 

sequences in   ,1  for some  .0,1  If one of  6

1=iiT  is completely continuous and   i

i

TFF 
6

1=

= , 

then  nx  converges strongly to a common fixed point of   .
6

1=iiT  

 

Proof. By Lemma 4 pxnn lim  exists for any .Fp  It is sufficient to show that  nx  has a subsequence 

which converges strongly to a common fixed point of  6

1=iiT . By Lemma 5,   0=lim ninn xPTx 

6)1,2,3,4,5,=(i . Suppose that 1T  is completely continuous. Noting that P  is nonexpansive, we conclude that 

there exists subsequence  
j

nxPT1  of  nxPT1  such that ,1 pxPT
j

n   and hence px
j

n   as .j  By 

the continuity of 54321 ,,,,, TTTTTP  and ,6T  we have ,====== 654321 pPTpPTpPTpPTpPTpPTp  

and so Fp   by Lemma 2. Thus,  nx  converges strongly to a common fixed point p  of   .
6

1=iiT  This 

completes the proof.  
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Theorem 3.Let K  be a nonempty closed convex subset of a real smooth and uniformly convex Banach space E  

with P  as a sunny nonexpansive retraction. Let EKTi : 6)1,2,3,4,5,=(i  be six weakly inward 

nonself-asymptotically nonexpansive mappings with respect to P  with common sequence     1,nk  

satisfying   


<1
1= nn

k . Suppose that  nx  is defined by (1.5), where  ,nia  nib  and  nic  1,2,3=i  are 

sequences in   ,1  for some  .0,1  if one of  6

1=iiT  is demicompact and   i

i

TFF 
6

1=

= , then  nx  

converges strongly to a common fixed point of  6

1=iiT . 
 

Proof. Since one of  6

1=iiT  is demicompact, so is one of 54321 ,,,, PTPTPTPTPT  and .6PT  Suppose that 1PT  

is demicompact. Noting that  nx  is bounded, we assert that there exists a subsequence  
j

nxPT1
 of  nxPT1  

such that 
j

nxPT1
converges strongly to p . By Lemma 5, we have px

j
n   as .j  By the continuity of 

54321 ,,,,, TTTTTP  and ,6T  we have ,====== 654321 pPTpPTpPTpPTpPTpPTp  and so Fp  by 

Lemma 2. By Lemma 4, we know that pxnn lim  exists. Therefore,  nx  converges strongly to a common 

fixed point p  as .n  This completes the proof.  
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